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We solve the normal ordering problem for (A†A)n where A and A† are one mode
deformed ([A,A†] = [N + 1] − [N ]) bosonic ladder operators. The solution generalizes
results known for canonical bosons. It involves combinatorial polynomials in the number
operator N for which the generating function and explicit expressions are found. Simple
deformations provide examples of the method.
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1 Introduction
We consider the general deformation of the boson algebra [1] in the form
[A,N ] = A, [A†, N ] = −A†, [A,A†] = [N + 1]− [N ]. (1)
In the above A and A† are annihilation and creation operators, respectively, while
the number operator N counts particles. It is defined in the Fock basis as N |n〉 =
n|n〉 and commutes with A†A. Because of that in any representation of (1) N can
be written in the form A†A = [N ], where [N ] denotes an arbitrary function of N ,
usually called the ”box” function. For general considerations we do not assume any
realization of the number operator N and we treat it as an independent element of
the algebra. Moreover, we do not assume any particular form of the ”box” function
[N ]. Special cases, like so(3) or so(2, 1) algebras, will provide examples that show
how such a general approach simplifies if an algebra and its realization are chosen.
In this note we give the solution to the problem of the normal ordering of a
monomial (A†A)n in deformed annihilation and creation operators. A classical
result due to J. Katriel [2] is that for canonical bosons a and a†, i.e., for the
Heisenberg-Weyl algebra, we have
(a†a)n =
n∑
k=1
Sn,k(a
†)kak, (for canonical bosons) (2)
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where Sn,k are the Stirling numbers of the second kind which count the number
of partitions of an n element set into k subsets. Namely, (2) links the problem to
combinatorics. In the case of deformed bosons we cannot express the monomial
(A†A)n as the combination of normally ordered expressions in A† and A only.
This was found for q-deformed bosons some time ago, [3], and recently for the
R-deformed Heisenberg algebra related to the Calogero model, [4]. The number
operator N occurs in the final formulae because moving creation operators to the
left cannot get rid of N if it is assumed to be an independent element of the algebra.
It appears that in general we can look for a solution of the form
(A†A)n =
n∑
k=1
Pn,k(N) (A
†)kAk, (3)
where the coefficients Pn,k(N) are functions of the number operator N which de-
pend on the box function [N ]. Following [3] we will call them operator-valued
deformed Stirling numbers or just deformed Stirling numbers. In the sequel we give
a comprehensive analysis of this generalization. We give recurrences satisfied by
Pn,k(N) of (3) and construct their generating functions. This will enable us to
give Pn,k(N) explicitly and to demonstrate how the method works on examples of
simple Lie-type deformations of the canonical case.
2 Recurrence relations
One may check by induction that for each k ≥ 1 the following relation holds
[Ak, A†] = ([N + k]− [N ])Ak−1. (4)
Using this relation it is also easy to check by induction that deformed Stirling
numbers satisfy the recurrences1)
Pn+1,k(N) = Pn,k−1(N) + ([N ]− [N − k])Pn,k(N) for 1 < k < n (5)
with initial values
Pn,1(N) = ([N ]− [N − 1])n−1, Pn,n(N) = 1. (6)
The proof can be deduced from the equalities
∑n+1
k=1 Pn+1,k(N) (A
†)kAk = (A†A)n+1 = (A†A)n A†A
=
∑n
k=1 Pn,k(N) (A
†)k AkA† A
(4)
=
∑n
k=1 Pn,k(N) (A
†)k
(
A†A+ [N + k]− [N ])Ak
(1)
=
∑n+1
k=2 Pn,k−1(N) (A
†)kAk +
∑n
k=1([N ]− [N − k])Pn,k(N) (A†)kAk.
1) The recurrence relation Eq.(5) holds for all n and k if one imposes the following ”boundary
conditions”: Pi,j(N) = 0 for i = 0 or j = 0 or i < j, except P0,0(N) = 1.
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It can be shown that each Pn,k(N) is a homogenous polynomial of order n − k
in the variables [N ], ..., [N − k]. For a polynomial box function one gets Pn,k(N)
as a polynomial in N . As we shall show, a simple example of the latter is the
deformation of the so(3) or so(2, 1) Lie algebras.
Note that for the ”box” function [N ] = N+const (i.e., for the canonical algebra)
we get the ”ordinary” Stirling numbers [5] of the second kind which fulfill the
recurrence relation Sn+1,k = Sn,k−1 + k Sn,k with initial values Sn,n = Sn,1 = 1.
3 Generating functions and general expressions
We define the set of ordinary generating functions (OGF) of polynomials Pn,k(N),
for k ≥ 1, in the form
Pk(x,N) :=
∞∑
n=k
Pn,k(N) x
n. (7)
The initial conditions (6) for k = 1 give
P1(x,N) =
x
1− ([N ]− [N − 1]) x. (8)
Using the recurrences (5) supplemented by (6) one finds the relation
Pk(x,N) =
x
1− ([N ]− [N − k]) x Pk−1(x,N), for k > 1, (9)
for which the proof is provided by the equalities
Pk(x,N)
(5)
=
∑∞
n=k (Pn−1,k−1(N) + ([N ]− [N − k]) Pn−1,k(N)) xn
= x
∑∞
n=k Pn−1,k−1(N) x
n−1 + ([N ]− [N − k]) x∑∞n=k Pn−1,k(N) xn−1
= x Pk−1(x,N) + ([N ]− [N − k]) x Pk(x,N).
The expressions (8) and (9) give explicit formulae for the OGF
Pk(x,N) =
k∏
j=1
x
1− ([N ]− [N − j]) x. (10)
For the canonical algebra this becomes in the OGF for Stirling numbers:
Pk(x) =
x
(1− x)(1 − 2x) · ... · (1− kx) . (11)
The explicit knowledge of the OGF (10) enables us to find the Pn,k(N) in a
compact form. As a rational function of x it can be expressed as a sum of partial
fractions
Pk(x,N) = x
k
k∑
r=1
αr
1− ([N ]− [N − r]) x, (12)
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where
αr =
1∏k
j=1,j 6=r
(
1− [N ]−[N−j][N ]−[N−r]
) . (13)
From the definition (7) we have Pn,k(N) = [x
n] Pk(x,N)
1). Expanding the fractions
in the above equations and collecting the terms we get Pn,k(N) =
∑k
r=1 αr([N ]−
[N − r])n−k. Finally, using (13), we arrive at
Pn,k(N) =
k∑
r=1
([N ]− [N − r])n−1∏k
j=1,j 6=r([N − j]− [N − r])
(14)
where monotonicity of [N ] has been assumed. For the canonical case this yields
the classical Stirling numbers Sn,k =
∑k
r=1(−1)k−r r
n
r! (k−r)! , [5].
The first four families of general deformed Stirling polynomials may be obtained
from (3) with a little help from standard computer algebra tools, and are
P1,1(N) = 1,
P2,1(N) = [N ]− [N − 1],
P2,2(N) = 1,
P3,1(N) = ([N ]− [N − 1])2,
P3,2(N) = 2[N ]− [N − 1]− [N − 2],
P3,3(N) = 1,
P4,1(N) = ([N ]− [N − 1])3,
P4,2(N) = 3[N ]
2 − 3[N ][N − 1]− 3[N ][N − 2] + [N − 1]2 + [N − 2][N − 1] + [N − 2]2,
P4,3(N) = 3[N ]− [N − 1]− [N − 2]− [N − 3],
P4,4(N) = 1.
4 Examples of simple deformations
If we fix the ”box” function as [N ] = ∓N(N−1)2 then (1) gives the commutation
relations of so(3) and so(2, 1) algebras, respectively. The first four families of
polynomials, satisfying P
so(2,1)
n,k (N) = (−1)n−k Pso(3)n,k (N), because of (5) and (6),
1) This notation comes from combinatorics and denotes the coefficient multiplying xn/n! in the
formal Taylor expansion of the generating function.
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are
so(3) so(2,1)
P1,1(N) = 1 P1,1(N) = 1
P2,1(N) = −N + 1 P2,1(N) = N − 1
P2,2(N) = 1 P2,2(N) = 1
P3,1(N) = (N − 1)2 P3,1(N) = (N − 1)2
P3,2(N) = −3N + 4 P3,2(N) = 3N − 4
P3,3(N) = 1 P3,3(N) = 1
P4,1(N) = −(N − 1)3 P4,1(N) = (N − 1)3
P4,2(N) = 7N
2 − 19N + 13 P4,2(N) = 7N2 − 19N + 13
P4,3(N) = −6N + 10 P4,3(N) = 6N − 10
P4,4(N) = 1 P4,4(N) = 1
Up to now we have been considering A, A†, and N as independent elements
of the algebra. Choosing a representation and expressing N in terms of A and A†
we arrive at expressions like (3) which can be normally ordered further. We may
consider a realization of so(2, 1) in terms of canonical operators a and a†
A = 1
2
√
2
aa A† = 1
2
√
2
a†a† N = 14
{
a†, a
}
. (15)
The solution of the normal ordering problem for
(
(a†)2a2
)n
, [6], leads to
(
(a†)2a2
)n
=
2n∑
k=2
S2,2(n, k)a
†kak, (16)
where S2,2(n, k) are generalized Stirling numbers of the second kind defined by
S2,2(n, k) =
(−1)k
k!
k∑
p=2
(−1)p
(
k
p
)
[p(p− 1)]n
=
n∑
l=0
(−1)l
(
n
l
)
S1,1(2n− l, k).
(17)
The numbers S2,2(n, k) also have a combinatorial interpretation which generalize
partitions of a set (classical Stirling numbers). Consider 2n distinguishable objects
anti-correlated in pairs. This can be realized by colouring them in such a way
that there are exactly two objects of each colour, i.e. there are n anti-correlated
(coloured) pairs. Now, numbers S2,2(n, k) count the partitions of that set into k
subsets with the restriction that anti-correlated pairs are divided among different
subsets, i.e. all objects in a subset are of different colours. This means that we
restrict partitions of a 2n set by requiring anti-correlation of pairs. This interpre-
tation will be taken further elsewhere [7].
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Terms in (16) with k even are directly expressible by A and A†. If k is odd then
the factor a†a may be moved to the left and with the convention S2,2(n, k) = 0 for
k > 2n we get
(
(a†)2a2
)n
=
n∑
k=1
(
S2,2(n, 2k) + S2,2(n, 2k + 1)(a
†a− 2k)) a†2ka2k. (18)
Finally, we get
(A†A)n =
n∑
k=1
8k−n (S2,2(n, 2k) + S2,2(n, 2k + 1)(2N − 2k − 1/2))A†kAk. (19)
which shows that the general solution involving higher order polynomials in N can
be simplified when a particular realization of the algebra is postulated.
5 Summary
We considered the problem of the normal ordering of monomials (A†A)n for
generally deformed boson creation and annihilation operators. The general solu-
tion involves some combinatorial-like polynomials for which ordinary generating
functions and explicit formulas can be given. It was shown that for particular
realizations of the deformed algebra the solution may be further simplified.
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